We find general geometric conditions on a convex body of revolution K, in dimensions four and six, so that its intersection body IK is not a polar zonoid. We exhibit several examples of intersection bodies which are are not polar zonoids.
Introduction
Let K, L be origin-symmetric star bodies in R n . The body K is called the intersection body of L, and denoted by K = IL, if for every ξ ∈ S n−1 , the radial function of K in the direction ξ is equal to the (n−1)-dimensional volume of the central section of L perpendicular to ξ, i.e. ρ K (ξ) = Vol n−1 (L∩ξ ⊥ ).
By using the spherical Radon transform R (see [4] , page 429), the above relation can be written as
Intersection bodies of star bodies were introduced by Lutwak in [15] . A more general class of intersection bodies is defined as the closure in the radial metric of the class of intersection bodies of star bodies. Intersection bodies proved to be crucial to solve the long-open Busemann-Petty problem ( [6] , see also [4, 12] for the history of the solution). The class of intersection bodies contains the class of polar zonoids, as proved by Koldobsky in [11] (see also [13] Chapter 6), and this containment is strict [10, 8] . Recall that a compact convex set K ⊂ R n is a zonoid if its support function is the cosine transform of a finite even Borel measure on S n−1 , i.e. for all u ∈ S n−1 h K (u) = C(µ)(u) :=
where C denotes the cosine transform. More information about zonoids and their properties can be found, for example, in the paper by Bolker [2] , or in Chapter 4 in Gardner's book [4] . In the paper [17] , Schneider and Wieacker conjectured that for most convex bodies K, the intersection body of K is not a polar zonoid (see also [18] ). Here, "most" is understood in the Baire category sense. Not much progress has been achieved on this conjecture so far, although there exist many examples of intersection bodies that are not polars of zonoids, such as the unit balls of certain Banach subspaces of L p (R n ), for 0 < p < 1 and n ≥ 3 (see [10, 8, 9] ). One of the goals of the present work is to provide geometric criteria to construct examples of intersection bodies of revolution that are not polar zonoids.
The main result of the paper is a general geometric condition on a convex body of revolution K that guarantees that IK is not a polar zonoid, in dimensions four and six. As far as the author is aware, this is the first such general geometric condition in the literature. Taking into account that the polar of a zonoid is an intersection body, we follow the approach used by Lonke in [14] , where he constructed a four-dimensional zonoid with a face, whose polar is a zonoid. If K ⊂ R n is an origin-symmetric convex body of revolution around the x n axis, then its radial function ρ K is rotationally symmetric,
i.e. it can be defined as a function of t, the cosine of the vertical angle in spherical coordinates, by Figure 1 shows a two dimensional section of a body K, where the axis of revolution is the vertical axis, and the radius of K in the direction that forms an angle φ with the axis of revolution is ρ K (t), where t = cos φ. Because of the origin and rotational symmetries, knowing ρ K (t) for 0 ≤ t ≤ 1 completely determines the body K. The value t = 1 corresponds to the axis of revolution, and the value t = 0 corresponds to the equator of the body. With this notation, our four-dimesional result is the following.
Proposition 1:
If K is a four-dimensional origin-symmetric convex body of revolution whose radial function ρ K (t) is of class C 2 in a neighborhood of t = 1, and
then the intersection body of K is not a polar zonoid.
The equation in Proposition 1 has an important geometric meaning. It reflects the fact that the body K is "flat" at the axis of revolution, in the following sense: Let us change our point of view for a moment, and consider the non-negative, even function
the boundary of K, i.e. that every point on the boundary can be written either as (x, f K (x)) or
). If we assume that ρ K has a continuous second derivative everywhere, then so does the function f K (x), and
. Thus, Proposition 1 gives a bound for the second derivative of f K at x = 0 (at the axis of revolution of K). In particular, the condition trivially holds if
as a body with a flat top, or a body that is flat at the axis of revolution.
Note that the statement of Proposition 1 asks for ρ K to be of class C 2 , but then condition (1) involves only its first derivative. This is due to our choice of the variable t for the radial function. If we let ρ K (z) = ρ K (t), where z = sin φ and t = cos φ, then the term ρ K (1) + ρ K (1) corresponds to
, and we see that the C 2 hypothesis around the axis of revolution is indeed needed.
The proof of Proposition 1 will show this more clearly.
In dimension six, the result is more involved:
Proposition 4: Let K be a six-dimensional origin-symmetric convex body of revolution with
then IK is not a polar zonoid.
Proposition 4 shows that the situation in dimension six is different than in dimension four. In the six-dimensional case, having a flat top (which means that the term ((5r(1) + r (1)) in equation (2) is equal to zero) is not enough to guarantee that IK is not a polar zonoid, and we need K to satisfy also the condition 2k 2 (1) < h(1)r(1). The geometric meaning of this condition and several applications of it are the subject of Section 4.
It must be noted that our problem is more interesting starting from dimension five, for the following reason: In dimensions three and four, there exist convex bodies that are not zonoids (such as the octahedron), while every origin-symmetric convex body is an intersection body, as proved by Gardner in the three dimensional case [5] , and by Zhang in dimension four [19] . However, there are two reasons why the four dimensional case is worth studying. First, while all four-dimensional convex bodies are intersection bodies, they are not necessarily intersection bodies of convex bodies, which is the class of bodies we are considering in this paper. Secondly, the formulas of the Radon and cosine transform of rotationally symmetric functions are especially simple in dimension four, which allows us to identify the geometric condition in this case (Section 3), and then apply the same method in dimension six (Section 4). As expected, the conditions are more involved in dimension six than in dimension four.
In Appendices A-C we specifically compute several examples, as applications of Proposition 1 and Corollary 5. Even in the four dimensional case the computations are hard, and were done using Mathematica.
The spherical Radon transform and the cosine transform for rotationally symmetric functions
Let K ⊂ R n be an origin-symmetric convex body of revolution around the x n axis. Its radial function ρ K is rotationally symmetric, i.e. it can be defined as a function of t, the cosine of the vertical angle in spherical coordinates, by
, IK is convex. By the rotationally invariance of R, IK is a body of revolution (see [4] , Appendix C.2).
Given a convex body
for x ∈ R n . It was shown by Bolker [2] that a convex body Z is a zonoid centered at the origin if and only if its support function can be represented in the form
where µ is a non-negative even measure. The integral operator on the right hand side of (3) is called the cosine transform, which we will denote by C, thus rewriting (3) as h Z = Cµ. More information about zonoids and the cosine transform can be found in [16] Section 3.5, and in [4] , Chapter 4 and Appendix C.2.
Our goal is to find conditions on a convex body K to determine whether its intersection body IK is or is not a polar zonoid. Thus, we need to study whether or not there is a non-negative even measure µ on S n−1 , such that h (IK) * = Cµ, where (IK) * denotes the polar body of IK. Due to the duality relation between the radial function of a convex body and the support function of its polar body, given by h K * = 1/ρ K (see [4] , page 20), our problem is to find and study a measure µ such that
Following the ideas in [14] , we will use a well-known result of Goodey and Weyl [7] relating the Radon and the cosine transforms: If ∆ n is the spherical Laplacian on S n−1 , then
where ω n−1 is the Lebesgue measure of the unit sphere in R n−1 . In the spherical coordinates
, the spherical Laplacian is expressed by
and ∆ n−1 is applied only to ξ, not to t (see [14] , page 9). Hence, for rotationally symmetric functions, equation (4) can be written as
To simplify the notation, we will write
Id . Now we need the formulas for the spherical Radon transform and its inverse, when acting on rotationally symmetric functions (the derivation of these formulas can be found in the book [4] , Theorems C.2.9 and C.2.10, p. 432). Let f, g be rotationally symmetric functions on S n−1 such that
for 0 < x ≤ 1. The inversion formula is
for 0 < t ≤ 1. In all following calculations, we will omit the constants ω n−1 , C n , C n in formulas (5), (6) and (7), since their effect is just to dilate the bodies we are considering. Setting g(arccos t) = ρ n−1
for 0 < x ≤ 1. Observe that in (8) the function ρ K is written in terms of t, the cosine of the vertical angle, while ρ IK is a function of x, the sine of the vertical angle.
Define
Then the body IK is not a polar zonoid if
is a negative measure for some t ∈ [0, 1].
Let us discuss the regularity of (10). Our starting function ρ K is continuous and non-zero on S n−1 , since it is the radial function of a convex body. In [1] , it was proven that if ρ K is continuous, then ρ IK is at least in C (n−2)/2 at most points (the regularity increase is different at the axis of revolution and at the equator, see the above cited paper for the details). When we apply the inverse Radon transform to ρ −1 IK , the regularity decreases by the same amount, namely (n − 2)/2. As a result, R
is once again a continuous, non-negative function at all points. Next, we apply the operator , which contains a second order derivative. If our initial radial function ρ K is in the class (10) is a piecewise continuous functions, with jumps at the points where ρ K is C 1 but not C 2 . Finally, at any point t 0 where ρ K is continuous but not C 1 , two differentiations will result in a delta measure supported at the point t 0 . In all cases, we obtain that (10) is a measure.
We are now ready to study (10) in the 4-dimensional case (Section 3) and when n = 6 (Section 4).
Dimension four: A flat-top condition
As mentioned in the introduction, in dimension four all the operators we are considering have very simple forms. In particular, if f = Rg, the inversion formula for the Radon transform (7) simplifies to
Hence, by (10) we have to compute d dt
In the rest of this section we will write h(t) instead of h 4 (t) for notational convenience. Computing the derivative with respect to t, we obtain 2t
If we assume that g is of class C 2 in a neighborhood of t = 1 (or equivalently, ρ K ∈ C 2 ), and we evaluate the expresion in (12) at t = 1, we obtain the following local condition:
Computing the derivative of g and simplifying, g (1) − g(1) > 0 is equivalent to
, and the above condition can be rewritten as
We have proven: Proposition 1. Let K is a four-dimensional origin-symmetric convex body of revolution whose radial function ρ K (t) is of class C 2 in a neighborhood of the axis of revolution (which corresponds to t = 1).
If the following condition holds,
Since ρ K is strictly positive, (13) The four-dimensional intersection body of the body in Figure 2 , which is not a polar zonoid.
The next example is a body that does not have a flat top, but nonetheless verifies the conditions of Proposition 1.
Example 3.
We consider a four-dimensional cylinder of radius 1/2, with two spherical caps also of radius 1/2 attached to both ends of the cylinder. The radial function of this body is
Then ρ(1) + ρ (1) = 2, 
A geometric condition in dimension six
We now consider the six-dimensional case. By (10), we have to compute
where
Again, for simplicity, we will write h instead of h 6 through this Section. First we compute the inverse Radon transform of (x 3 /h(x)), using (7):
Ignoring the factor of 2 in the above expression, we now have to calculate
As in the four dimensional case, evaluating of the above expression at t = 1 provides us with a local condition: If g ∈ C 2 in a neighborhood of t = 1, and g (1) − g(1) > 0, then the intersection body of K is not a polar zonoid. Differentiating g, we obtain that g (1) − g(1) is equal to
The term h 4 (1) in the denominator is positive, so we need the numerator to be positive. From the definition of h (14), and writing r(t) = ρ We summarize the result in the following proposition.
Proposition 4. Let K be a six-dimensional origin-symmetric convex body of revolution with radial
Note that 5r(1) + r (1) = 0 is equivalent to ρ K (1) + ρ K (1) = 0. Thus we have the following condition for bodies with a flat top.
Corollary 5. Let K be a six-dimensional origin-symmetric convex body of revolution such that ρ K (t)
is of class C 2 in a neighborhood of t = 1, and ρ K (1)+ρ K (1) = 0. Let h, r, k be defined as in Proposition 4. If
It is interesting to note the difference between Corollary 2 and Corollary 5. In dimension four, a flat top on K is enough to guarantee that IK is not a polar zonoid. In dimension six, a flat top is no longer enough, and we are required to add condition (17) . Intuitively, this condition means that the body K is "fat" around the and "thinner" close to the pole. This is a result of the presence of the weights (1 − t 2 ) and t 2 in the definitions of h(1) and k(1). Example 6 illustrates this.
Example 6. Figure 4 shows the cross-section of three bodies of revolution in R 6 : The cylinder C, whose radial function is
the dashed body L, which is an affine transformation of the body with radial function
and the smaller body E, which is an affine transformation of the body with radial function ρ E (t) = e −t .
It is immediate to check that these three bodies satisfy the flat top condition.
We will now study condition (17) for each of them. The computations are done with Mathematica.
For the cylinder C, we have that r(1) = 1,
32 , the cylinder does not satisfy (17). 
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. Again, r(1)h(1) > 2(k(1)) 2 and thus IE is not a polar zonoid.
Remark 7.
From the definitions of h(1) and k(1), the following result is immediate:
satisfy (17) . It is thus quite straightforward to construct families of bodies satisfying the conditions of Corollary 5. More examples are shown in Appendix B.
Example 8.
As a further application of Corollary 5, we study the bodies K Thus, the intersection body of the six-dimensional cylinder is not a polar zonoid, but we cannot obtain this information just from Corollary 5. On the other hand, as observed in Remark 7, once we find a body that satisfies the conditions of the Corollary, we can perturb it to construct many other examples.
The approach taken in this paper provides conditions that become harder to compute as the dimension increases. We have calculated g (1) − g(1) for n = 8, but we were not able to find its geometric meaning, even with the extra assumption ρ K (1) + ρ K (1) = 0. Nonetheless, we feel that at least in dimension six the approach was useful in providing a characterization and many new examples of intersection bodies that are not polar zonoids.
In the three appendices, we present several applications of Proposition 1 and Corollary 5. The computations in these sections have been done with Mathematica. is a dilate of the body in Example 3. As M tends to infinity, the top becomes flatter and K M tends to the cylinder in the radial metric. Their radial function is given by
Two of these bodies are shown in Figures 5, 6 .
Observe that the body M has boundary at least of class C 2 at every point except at
where it is only continuous. The intersection body IK M looks like a barrel. The flat top condition in 
2. By Proposition 1, for all the values of M such that w(M ) > 0, we know that IK M is not a polar zonoid. Here we will study a family of bodies of revolution in R 6 satisfying the hypotheses of Corollary 
For b > 0, the bodies K b are C 2 in a neighborhood of t = 1 and satisfy the flat top condition
We will now check condition (17) . The condition will be satisfied if h(1) − 2(k(1)) 2 > 0, where
Thus, h(1) − 2(k(1)) 2 is a tenth-degree polynomial in the variable b. Its graph is shown in Figure 9 . Appendix C: The intersection body of the cylinder in R 6 .
The centered cylinder C with radius 1 and height 2 has radial function given, in terms of t (the cosine of the vertical angle) by
From (8) , the intersection body of C in R 6 has radial function (in terms of x, the sine of the vertical angle), given by
See Figure 10 . In this Appendix we compute First we invert the Radon transform using (7), and we obtain the function g(t) = R −1 (ρ The graph of this function is shown in Figure 11 . It takes negative values, and thus IC is not a polar zonoid. At the point t = 1 the function is positive, as we already knew because the condition (17) fails for the cylinder. 
